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a b s t r a c t
The exact crossing number is known only for a few specific families of graphs. Cartesian
products of two graphs belong to the first families of graphs for which the crossing number
has been studied. Let Pn be a path with n+ 1 vertices. Pkn , the k-power of the graph Pn, is a
graph on the same vertex set as Pn and the edges that join two vertices of Pn if the distance
between them is at most k. Very recently, some results concerning crossing numbers of Pkn
were obtained. In this paper, the crossing numbers of the Cartesian product of P2n with the
cycle Cm are studied. It is proved that the crossing number of the graph P2n  C3 is 3n − 3,
and the upper bound for the crossing number of the graph P2n  Cm is given.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The crossing number cr(G) of a simple graph G with vertex set V (G) and edge set E(G) is defined as the minimum
possible number of edge crossings in a drawing of G in the plane. A drawing with the minimum number of crossings (an
optimal drawing) must be a good drawing; that is, each two edges have at most one point in common, which is either
a common end-vertex or a crossing. Moreover, no three edges cross in a point. The investigation on the crossing number of
graphs is a classical and however very difficult problem. The Cartesian product G1 G2 of two graphs G1 and G2 has vertices
V (G1) × V (G2) and two vertices (u, u′) and (v, v′) are adjacent in G1 G2 if and only if u = v and u′v′ ∈ E(G2) or u′ = v′
and uv ∈ E(G1). The structure of Cartesian products of two graphs makes Cartesian products of special graphs one of few
graph classes for which the exact values of crossing numbers were obtained.
Let Cn be the cycle on n vertices and Pn be the path on n+1 vertices. Harary et al. [5] conjectured that the crossing number
of the Cartesian product Cm  Cn of two cycles is (m − 2)n, for all m, n satisfying 3 ≤ m ≤ n. This has been proved only
for m, n satisfying n ≥ m,m ≤ 7. It was proved by Glebsky and Salazar [4] that the crossing number of Cm  Cn equals its
long-conjectured value at least for n ≥ m(m + 1). Besides Cartesian products of two cycles, there are several other exact
results. In [1,6], the crossing numbers of G Cn for all graphs G of order at most four are given. In addition, the crossing
numbers of G Cn are known for some graphs G on five or six vertices [3,13]. Bokal, in [2], confirmed the general conjecture
for crossing numbers of Cartesian products of paths and stars formulated in [6]. Crossing numbers of Cartesian products of
stars and paths with graphs of order at most five were studied in [6–8,11].
For any positive integer k, the k-power graph of a graph G, denoted by Gk, is the graph having the same vertices as G,
and two vertices of Gk are adjacent if the distance between the corresponding vertices in G is at most k. In paper [14], Patil
and Krishnnamurthy established a family of graphs for which power graphs have crossing number one. In [16], the crossing
numbers of powers of paths were studied. The crossing numbers of Cartesian products for some square power P2n of the
path Pn with cycles are determined in [12]. In this paper, we start to determine crossing numbers of a new infinite family of
graphs, namely for the Cartesian product P2n  Cm, n ≥ 2.
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Fig. 1. The graph P2n  C3 .
2. The graph P2n  Cm
Assume n ≥ 2 andm ≥ 3.We find it convenient to regard the graph P2n  Cm in the followingway: it hasm(n+1) vertices
and edges that are the edges in n+ 1 copies C (i)m , i = 0, 1, . . . , n, of the cycle Cm and inm copies of P2n . In Fig. 1 there is the
drawing of the graph P2n  C3, in which every cycle C
(i)
3 with vertices ai, bi, ci, i = 1, 2, . . . , n − 1, is crossed exactly three
times and there are no other crossings in this drawing. So, in this drawing there are 3(n−1) crossings. The extension of this
drawing to the drawing of P2n  Cm with m crossings on the edges of every cycle C
(i)
m , i = 1, 2, . . . , n − 1, implies that the
crossing number of the graph P2n  Cm is at mostm(n− 1).
The aim of this paper is to establish the crossing number of the graph P2n  C3 for all n ≥ 2. As the graph P22 is isomorphic
to the cycle C3 and cr(C3  Cm) = m, see [15], the crossing number of the graph P22  C3 is three. The graph P23 is isomorphic
to the tripartite complete graph K1,1,2. It was proved in [9] that cr(K1,1,2  Cm) = 2m. Hence, the crossing number of the
graph P23  C3 is six. In [10], some results concerning crossing numbers of the Cartesian products of graphs on five vertices
with cycles are collected. For the graph P24 of order five, it is shown that cr(P
2
4  Cm) = 3m. This implies that cr(P24  C3) = 9.
The crossing number of the graph cr(P25  Cm) = 4m, see [12], and therefore, cr(P25  C3) = 12. The graph P26 is the smallest
power of a pathwith unknown crossing number of its Cartesian productwith the 3-cycle C3. In the next sections,we establish
some properties for drawings of the graph P2n  C3, and we give the crossing number of this graph.
3. Drawings of the graph P2n  C3
In this section we will discuss some properties of drawings of the graph P25  C3 pertaining some special subgraphs of it.
The graph P2n  C3 contains n + 1 copies of 3-cycles C (i)3 , i = 0, 1, . . . , n. Let us denote the vertices of C (i)3 by ai, bi, and ci.
In the graph P2n  C3, every of three copies of P
2
n is induced by the vertices xi, i = 0, 1, . . . , n, for some x ∈ {a, b, c}. For
i = 1, 2, . . . , n, let P (i) denote the subgraph of P2n  C3 consisting of the edges ai−1ai, bi−1bi, and ci−1ci joining the cycles C (i−1)3
and C (i)3 . Similarly, for i = 1, 2, . . . , n− 1, let H(i) denote the subgraph of P2n  C3 consisting of the edges ai−1ai+1, bi−1bi+1,
and ci−1ci+1 joining the cycles C (i−1)3 and C
(i+1)
3 . Thus, the subgraph P
(1) ∪ P (2) ∪ · · · ∪ P (n) consists of three copies of Pn, and
two vertices of Pn at distance two are adjacent with an edge of some H(i); see the drawing in Fig. 1.
Consider now the subgraph C (0)3 ∪ P (1) ∪ C (1)3 ∪ P (2) ∪ C (2)3 ∪ H(1) induced by the vertices of the 3-cycles C (0)3 , C (1)3 , and
C (2)3 . As the subgraph C
(0)
3 ∪ P (1) ∪ C (1)3 ∪ P (2) ∪ C (2)3 ∪ H(1) is isomorphic to the graph C3  C3, we denote it by (C3  C3)(1) in
the rest of the paper. For x ∈ {a, b, c}, let C (x)3 be the 3-cycle of the subgraph (C3  C3)(1) induced by the vertices x0, x1, and
x2.
Let D be a good drawing of the graph G. We denote the number of crossings in D by crD(G). For a subgraph Gi of the graph
G, let D(Gi) be the subdrawing of D induced by Gi. For edge-disjoint subgraphs Gi and Gj of G, we denote by crD(Gi,Gj) the
number of crossings of edges in Gi and edges in Gj, and by crD(Gi) the number of crossings among edges of Gi in D. In a good
drawing D of the graph G, we say that a cycle C separates the cycles C ′ and C ′′ (the vertices of a subgraph Gi not containing
vertices of C) if C ′ and C ′′ (the vertices of Gi) are contained in different components of R2 \ C .
Let D be a good drawing of the graph P2n  C3. In this drawing, we will discuss some restrictions concerning the number
of crossings on the edges of two special subgraphs of P2n  C3. Consider the subgraphs C
(0)
3 ∪ P (1) ∪ H(1) and C (1)3 ∪ P (2) of
the graph P2n  C3 drawn by solid lines in Fig. 2(a) and (b), respectively. Let us call the edges of C
(0)
3 ∪ P (1) ∪H(1) blue and let
the edges of C (1)3 ∪ P (2) be called red. We say that a crossing in D is blue if it involves at least one edge of C (0)3 ∪ P (1) ∪ H(1).
Similarly, let a crossing on an edge of C (1)3 ∪ P (2) be red. Clearly, a crossing between an edge of C (0)3 ∪ P (1) ∪ H(1) and an
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Fig. 2. The subgraphs C (0)3 ∪ P (1) ∪ H(1) and C (1)3 ∪ P (2) .
a b c
Fig. 3. The subdrawings of C (0)3 ∪ P (1) ∪ C (1)3 , C (1)3 ∪ P (2) ∪ C (2)3 , and C (1)3 ∪ P (2) ∪ C (0)3 ∪ H(1) .
edge of C (1)3 ∪ P (2) is both blue and red. Let α and β denote the numbers of blue and red crossings, respectively. As in any
good drawing the edges of a 3-cycle are pairwise non-crossing, in D, every crossing among the edges of (C3  C3)(1) is blue
or red. So, α+ β ≥ 3, because the crossing number of the graph C3  C3 is 3; see [15]. For the considered drawing D, several
propositions hold.
Proposition 3.1. Let i, j, k ∈ {0, 1, 2}. If some 3-cycle C (i)3 separates the other two 3-cycles C (j)3 and C (k)3 in D, then α > 2 or
β > 2.








3 are crossed by the edges of
C (i)3 . Thus, α ≥ 3 if i ∈ {1, 2} and β ≥ 3 if i = 0. 
Proposition 3.2. If two different 3-cycles C (i)3 and C
(j)
3 , i, j ∈ {0, 1, 2}, cross each other in D, then α > 2 or β > 2.
Proof. If two vertex-disjoint 3-cycles C (i)3 and C
(j)
3 , i, j ∈ {0, 1, 2}, cross each other more than twice, then evidently α ≥ 3
or β ≥ 3. As the drawing D is good, two vertex-disjoint cycles C (i)3 and C (j)3 cannot cross exactly once. If they cross twice,
then one of them separates the vertices of the other. Assume that C (i)3 separates the vertices, say xj and yj, x, y ∈ {a, b, c},
of C (j)3 . Then C
(i)
3 is crossed also by the path xjxkykyj, k ∈ {0, 1, 2}, k ≠ i, j, and the edges of C (i)3 are crossed at least three
times. The same holds for the cycle C (j)3 if it separates the vertices of C
(i)




3 ) ≠ 0, then α ≥ 3 or β ≥ 3.




3 ) ≠ 0 (and crD(C (0)3 , C (1)3 ) = 0). This forces α ≥ 2. If C (0)3 separates the vertices of C (2)3 ,
then α ≥ 3; see above. Otherwise, C (2)3 separates two vertices x0 and y0 of the 3-cycle C (0)3 . The 3-cycle C (2)3 is also crossed
by the path x0x1y1y0 joining x0 and y0. If C
(2)
3 is crossed by some of blue edges x0x1 and y0y1, then α ≥ 3. If the crossing




3 cross each other and β ≥ 2.
If, in D, there is some other blue or red crossing except of four considered crossings on the 3-cycle C (2)3 , then α ≥ 3 or β ≥ 3.
Otherwise, α = β = 2 and the planar subdrawing of C (0)3 ∪P (1)∪C (1)3 induced by D divides the plane into two triangular and
three quadrangular regions such that there is only one region with all three vertices of C (1)3 on its boundary; see Fig. 3(a). If,
in this case, the edges of C (3)3 ∪H(2) cross, in D, the edges of C (0)3 ∪ P (1) ∪ C (1)3 , then α ≥ 3 or β ≥ 3. Otherwise, the cycle C (3)3
is placed in the triangular region of D(C (0)3 ∪ P (1) ∪ C (1)3 ) having only the vertices of C (1)3 on its boundary. Now, three paths
x0x2x3, x = a, b, c , cross the cycle C (1)3 in D, and β ≥ 3.




3 ) ≠ 0 (as well as crD(C (0)3 , C (1)3 ) = 0 and crD(C (0)3 , C (2)3 ) = 0). In this case, β ≥ 2. If
C (1)3 separates the vertices x2 and y2 of C
(2)
3 , then the path x2x0y0y2 crosses C
(1)
3 and β ≥ 3. Otherwise, C (2)3 separates the
vertices x1 and y1 of C
(1)
3 . The path x1x0y0y1 crosses C
(2)
3 and, as C
(0)
3 does not cross C
(2)
3 , one of the blue edges x0x1 and y0y1
crosses C (2)3 . Hence, α ≥ 1. If some red edge of P (2) is crossed, then β ≥ 3 and we are done. If no edge of P (2) is crossed, the
subdrawing D(C (1)3 ∪P (2)∪C (2)3 ) of C (1)3 ∪P (2)∪C (2)3 induced by D is unique as shown in Fig. 3(b). Hence, crD(C (1)3 ∪P (2)) = 0
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and crD(C
(1)
3 ∪ P (2), C (0)3 ∪ H(1)) = 0. The subdrawing D(C (1)3 ∪ P (2) ∪ C (0)3 ∪ H(1)) of C (1)3 ∪ P (2) ∪ C (0)3 ∪ H(1) induced by D
with crD(C
(1)
3 ∪ P (2), C (0)3 ∪H(1)) = 0 is shown in Fig. 3(c), where possible crossings among the blue edges of C (0)3 ∪H(1) can
appear in the disc bounded by the dotted cycle right, and the vertices of degree two are vertices of C (2)3 . On the boundary
of every region of this subdrawing there are at most four vertices of C (1)3 and C
(2)
3 . Thus, in D, the edges of C
(3)
3 ∪ H(2) ∪ P (3)
cross the edges of C (1)3 ∪ P (2) ∪ C (0)3 ∪ H(1) at least twice. This forces α ≥ 3 or β ≥ 3, and we are done. 
Proposition 3.3. Let x, y, z ∈ {a, b, c}. If some 3-cycle C (x)3 separates the other two 3-cycles C (y)3 and C (z)3 in D, then α > 2 or
β > 2.








3 , and C
(2)
3
cross the cycle C (a)3 and, as C
(a)
3 contains only blue and red edges, α + β ≥ 3. If, in D, the cycle C (3)3 crosses C (a)3 , then α > 2
or β > 2. If otherwise the cycle C (3)3 does not cross the cycle C
(a)
3 , then the cycle C
(3)
3 is placed in one of two regions in the
view of the subdrawing of C (a)3 , say in the region containing the cycle C
(b)
3 . But, in this case, C
(a)
3 separates the cycles C
(c)
3
and C (3)3 and, in D, both edges c1c3 and c2c3 cross the cycle C
(a)
3 . So, the cycle C
(a)
3 is crossed at least five times and therefore,
α + β ≥ 5. This completes the proof. 
Proposition 3.4. If two different 3-cycles C (x)3 and C
(y)
3 , x, y ∈ {a, b, c}, cross each other in D, then α > 2 or β > 2.
Proof. Without loss of generality, let C (a)3 and C
(b)
3 cross each other. If, in the good drawing D, none of them separates the
vertices of the other, then they cross at least four times. The cycles C (a)3 and C
(b)
3 contain only blue edges of P
(1) ∪ H(1) and
red edges of P (2). If α ≥ 3 or β ≥ 3, we are done. If not, then α = β = 2, the number of considered crossings is exactly four
and none of them appears between a blue edge and a red edge. So, crD(P (1) ∪ H(1)) = 2 and also crD(P (2)) = 2. But, as only
two edges of P (2) are contained in the cycles C (a)3 and C
(b)
3 , they cannot cross twice in the good drawing D. Hence, for α ≤ 2
and β ≤ 2, one of C (a)3 and C (b)3 separates the vertices of the other. Without loss of generality, let C (a)3 separate the vertices
of C (b)3 .
Assume first that the vertices b1 and b2 of C
(b)
3 are separated by the 3-cycle C
(a)




3 ) ≥ 2 and
both paths b1b3b2 and b1c1c2b2 cross the cycle C
(a)
3 . So, C
(a)
3 has at least four crossings. If α+β ≥ 5, we are done. Otherwise,
α = β = 2 and no red edge crosses a blue edge. So, C (a)3 and C (b)3 cross in such a way that the red edge a1a2 of C (a)3 crosses
the red edge b1b2 of C
(b)
3 once (red crossing) and none of the blue edges b0b1 and b0b2 crosses the red edge a1a2 (possible
contribution 1 to α and 1 to β). Hence, the cycle C (b)3 separates the vertices a1 and a2 of C
(a)
3 and, in D, the path a1a3a2 crosses
the cycle C (b)3 . This forces at least one another blue crossing or at least one another red crossing, and α + β ≥ 5.
For the case when the cycle C (a)3 does not separate the vertices b1 and b2, the cycle C
(a)
3 separates the vertex b0 from both
vertices b1 and b2, and α ≥ 2. In D, both path b0c0c1b1 and b0c0c2b2 cross the cycle C (a)3 . If α ≥ 3, we are done. Otherwise,
α = 2 and, in D, there is no other crossing on the blue edges b0c0, c0c1, and c0c2. This implies that the red edge a1a2 of C (a)3 is
crossed by both edges c1b1 and c2b2 of the paths b0c0c1b1 and b0c0c2b2. Hence, the cycle C
(a)
3 separates the vertices b1 and c1
which forces an additional crossing between the cycle C (a)3 and the path b1b3c3c1. The counting of all crossings on the cycle
C (a)3 gives α + β ≥ 5. This completes the proof. 
Using Propositions 3.1–3.4, we are able to prove the next Lemma 3.1. It is very helpful for proving the main result of the
paper.
Lemma 3.1. In any good drawing of the graph P2n  C3 there are at least three blue crossings or at least three red crossings.
Proof. Assume that there is a good drawing D of the graph P2n  C3 with fewer than three crossings on the edges of
C (0)3 ∪P (1)∪H(1), andwith fewer than three crossings on the edges ofC (1)3 ∪P (2). Thus,α ≤ 2, β ≤ 2 and, inD, Propositions 3.1–
3.4 hold. Consider the subdrawing D(1) = D((C3  C3)(1)) of the subgraph (C3  C3)(1) induced by D. As no 3-cycle has two
edges that cross each other, it follows from Propositions 3.2 and 3.4 that, inD, every crossing is a crossing between the edges
of C (0)3 ∪ C (1)3 ∪ C (2)3 and the edges of C (a)3 ∪ C (b)3 ∪ C (c)3 . Since cr(C3  C3) = 3, there are at least three crossings in D(1). Each of
these crossings is blue or red or both. Thus, α + β ≥ 3. Moreover, as every blue–red crossing contributes to both α and β ,
the blue edges of C (0)3 ∪ P (1) ∪ H(1) cross the red edges of C (1)3 ∪ P (2) at most once. In such a case, crD((C3  C3)(1)) = 3 and
α + β = 4. This implies that some blue edges of C (0)3 ∪ P (1) ∪ H(1) cross each other and that some red edges of C (1)3 ∪ P (2)
cross each other as well. As, by Proposition 3.4, no crossing appears among the blue edges of P (1) ∪ H(1), the cycle C (0)3 must
be crossed by at least one edge of P (1) ∪ H(1).
Assume, without loss of generality, that C (0)3 is crossed by an edge, say a0a1, of P
(1). So, the edge a0a1 crosses the edge b0c0
of C (0)3 and therefore, the cycle C
(a)
3 crosses the cycle C
(0)
3 . As, by Propositions 3.1–3.4, the cycle C
(a)
3 does not separate the
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Fig. 4. The forced subdrawings of C (0)3 ∪ P (1) ∪ C (1)3 with the edge a0a2 .
vertices b0 and c0 of C
(0)
3 and the cycle C
(0)
3 does not separate the vertices a1 and a2, the edge a0a2 of H
(1) crosses C (0)3 as
shown in Fig. 4(a). Hence, α = 2 and there is no other crossing on the blue edges of C (0)3 ∪ P (1). The unique subdrawing of
C (0)3 ∪ P (1) ∪ C (1)3 together with the edge a0a2 induced by D(1) is shown in Fig. 4(b). The cycle C (2)3 does not cross C (1)3 and
therefore, in D, it is placed in one region of the subdrawing D(C (0)3 ∪ P (1) ∪ C (1)3 ) (the region containing a2). In this case, in
D, one of blue edges c0c2 and b0b2 crosses the edges of C
(0)
3 ∪ P (1) ∪ C (1)3 , and α ≥ 3. This contradicts the assumption that
α ≤ 2 and β ≤ 2. A similar contradiction is obtained if an edge of H(1) crosses C (0)3 . Thus, crD(C (0)3 , P (1) ∪ H(1)) = 0. On the
other hand, we know that, in D, the cycle C (0)3 must be crossed by at least one edge of P
(1) ∪H(1). Hence, there is no drawing
D of the graph P2n  C3 in which α ≤ 2 and β ≤ 2. This completes the proof. 
4. The main result
Now, we are able to determine the crossing number of the graph P2n  C3 for n ≥ 6.
Theorem 4.1. For n ≥ 2, cr(P2n  C3) = 3n− 3.
Proof. As we mentioned in Section 2, the result is true for n = 2, 3, 4, and 5. For n ≥ 6, in Fig. 1 it is easy to see that
cr(P2n  C3) ≤ 3n− 3. We prove the reverse inequality by induction on n. Assume that for n ≥ 6 there is a drawing D of the
graph P2n  C3 with fewer than 3n− 3 crossings and let cr(P2k  C3) = 3k− 3 for every 2 ≤ k < n. By Lemma 3.1, in D there
are at least three crossings on the edges of C (0)3 ∪ P (1) ∪H(1) or at least three crossings on the edges of C (1)3 ∪ P (2). In the first
case, by deleting the edges of C (0)3 ∪P (1)∪H(1) fromD a drawing of the graph P2n−1  C3 with fewer than 3(n−1)−3 crossings
is obtained. This contradicts the induction hypothesis. In the second case, removing of the edges of C (1)3 ∪ P (2) results in a
drawing of a subdivision of P2n−1  C3 with fewer than 3(n − 1) − 3 crossings. This contradicts the induction hypothesis
again, and the proof is done. 
In Fig. 1 there is the drawing of the graph P2n  C3 with 3(n− 1) crossings. The extension of this drawing to the drawing
of P2n  Cm with m crossings on the edges of every cycle C
(i)
m , i = 1, 2, . . . , n − 1, implies that the crossing number of the
graph P2n  Cm is at most m(n − 1). As we did not find a drawing of the graph P2n  Cm with fewer crossings, we conjecture
the following.
Conjecture 4.1. For n ≥ 2 and m ≥ 3, cr(P2n  Cm) = m(n− 1).
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